The recently discovered conserved quantity associated with Kepler's rescaling [1] is generalised by an extension of Noether's theorem which involves the classical action integral as a new term.
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I. INTRODUCTION
The Noetherian definition of a symmetry for a system with a Lagrangian L is a diffeomorphism which leaves L invariant up to a surface term,
The consequences of having a symmetry are twofold:
1. The classical Hamiltonian action t 0
Ldt changes by a path-independent term, implying that the variational equations remain invariant ; therefore a symmetry carries a motion into another motion ;
2. Noether's theorem associates a conserved quantity to each continuous group of symmetries.
A well-known "counter-example" when one, but not both consequences hold, is provided by Kepler's rescaling :
t → λ 3 t , q → λ 2 q , λ = const. (I.2a)
δt → 3(δλ) t , δq → 2(δλ) q , δλ = const. , (I.2b)
which takes trajectories into trajectories, whereas the usual Lagrangian changes by a factor,
The rescaling (I.2) is therefore not a symmetry in the above sense ; some textbooks call it a "similarity" [2] . No conserved quantity has therefore been expected to arise and it came therefore as a surprise when it was found [1] that the Kepler problem does have a conserved quantity associated with (I.2). The latter is of a nonconventional form, though,
where the integration is along the classical trajectory in 3-space.
This conserved quantity, which seems to have escaped attention before, was obtained in a remarkably indirect way : the Kepler problem was first "E-D" (Eisenhart-Duval) lifted to a 5-dimensional "Bargmann" manifold endowed with a Lorentz metric [3] [4] [5] ; the planetary trajectories downstairs are recovered as the projections of null geodesics lying upstairs, in
Bargmann space. The Kepler rescaling (I.2) can also be lifted to Bargmann space, where it becomes a conformal transformation of a special type referred to as a chronoprojective transformation [6, 7] . But conformal transformations are symmetries for null geodesics upstairs and generate there, by the usual Noether's theorem, conserved quantities. This is also what happens for (I.2), -but the associated conserved charge does not project to ordinary space as a well-defined quantity. However subtracting a simple term yields (I.4).
The aim of this note is to derive and in fact generalize this type of quantity by proving a generalization of Noether's theorem derived within the framework of analytical mechanics.
Applications include, besides planetary motion, all homogeneous potentials.
II. A GENERALIZED NOETHER THEOREM
Let us assume that we have a dynamical system described by generalized coordinates q i , i = 1, . . . , n and a Lagrangian L = L(q,q, t) and consider a 1-parameter family of transformations t → t and q → q (t ) obeying
where Λ is some constant and f an arbitrary (differentiable) function. Then the associated Lagrange equations are invariant. Proceeding in the standard way allows us to deduce from (II.1) the identity
This is converted into a conservation law as follows. One solves the Lagrange equations of motion on some interval 0 ≤ τ ≤ t with the "initial" [actually final] conditions q i (t) = q i andq i (t) =q i . Then the Hamiltonian action calculated along the trajectory,
becomes a function of the end points q i ,q i and t ; moreover, dS/dt = L . Inserting the Hamiltonian and using the Lagrange equations, from (II.2) we deduce the conserved charge,
Putting here (I.2b) and δf = 0 yields the Kepler charge (I.4).
More generally, let's assume that (II.1) is satisfied (with f = 0 for simplicity) and consider the Kepler-type rescaling
where a, b, c are to be determined. Let us assume that the system is given by a Lagrangian of the form L = a ijqiqj −V (q), where for simplicity we took a ij a symmetric constant matrix.
This Lagrangian(times dt) scales under (II.5a)-(II.5b) as
Let us first turn off the potential and assume that we have a free particle,
2 . Then (II.6) tells us that
Our generalized symmetry condition (II.1) is satisfied with Λ = λ c , c = 2a − b .
In the free case, this is the end of the story : for any choice of a and b, we have a chronoprojective symmetry, to which (II.4) associates a conserved charge, namely
However the free Lagrangian and Hamiltonian coincide, H f ree = L f ree and therefore b drops out and the last two terms combine into a single one :
where we recognise the scalar product of two, separately conserved conventional quantities, namely the momentum (associated with translations) with the center of mass (associated with Galilean boosts). This quantity is actually the conserved quantity associated with
Schrödinger dilations [5, 9] ,
traditionally obtained when time is dilated twice as much as space, i.e., b = 2a ; then c = 0
and from (II.6) we recover an old-type Noether symmetry from the first two terms in (II.8).
Thus in the free case we have two, independent dilations : a = 0 and b = 0 means, for example, time dilation alone and a = 0 and b = 0 means space dilation alone. They are both chronoprojective. The associated conserved charge is however the same independently of b, and is in fact the Schrödinger quantity (II.10).
Let us now restore the potential, V . The overall scaling Λ is already determined by the kinetic term. Our generalized symmetry condition (II.1) requires therefore the potential to match, λ −2a+2b V (λ a q) = V (q); the associated conserved quantity is still (II.8)
A general pattern arises for homogeneous potentials, V (µq) = µ k V (q), for which the symmetry condition requires
The new (integral) term in (II.4) thus appears when k = −2. Once the conservation of the charge has been proven, its value is simply
as seen by putting t = 0 into (II.8). 3. For free motion k = 0, a = b = c, the terms combine, and we get (II.10).
4. For the constant force field k = 1 ; a = 2b, c = 3b, i.e., the scaling is
It is amusing to figure that we climb, with Galilei, to the top of the Pisa leaning tower and drop a stone from q(0) = 0. The to-be conserved charge is
(II.14)
But q(t) = −t 2 /2 so we find for the action S = t L Gal dτ = t 3 /3, and therefore the terms add up to yield Q Gal = 0 as they should.
5. For a harmonic oscillator k = 2 ; (II.11) implies b = 0, i.e., a pure position-rescaling, Let us study the oscillator case in some detail. Eqn. (II.8) yields
Evaluating the integral, we find S(q,q, t) = 1 2 q(t)q(t) − q(0)q(0) . Adding the first term, we end up with Q osc = q i (0)q i (0) , cf. (II.12). Note that we have actually rederived the conservation of (II.15). Choosing eitherq i (0) = 0 or q i (0) = 0 yields Q osc = 0. After a full period t = T = 2π/ω we are back where we started from, so that the first term in (II.15) vanishes again. Therefore
i.e., the average over a period of the kinetic energy equals to the average of the potential energy -which is the virial theorem for an oscillator.
We just mention that the virial theorem can be generalized to any k along the same lines.
For the standard Lagrangian/Hamiltonian L = K − V resp. H = K + V the associated conserved quantity (II.8) can be written as
whose conservation for a periodic motion with period T implies a
which can also be presented as
How does all this fit into the Bargmann framework followed in [1] ? We explain this on the example of a 1d oscillator. Let us consider two motions q 1 (t) and q 2 (t) which start from the same initial position q 1 (0) = 0 = q 2 (0) but with initial velocityq 2 (0) = λq 1 (0).
Then the space-alone rescaling q → λ q, t → t takes the full trajectory q 1 (t) into q 2 (t).
Both motions return to the initial position after a half period, illustrating that the oscillator period is independent of the initial conditions (as purportedly observed by Galilei in the Pisa cathedral).
Adding the classical action −S(t) = − t L osc dτ calculated along the trajectory as 3rd
coordinate yields the E-D lift to 3d Bargmann space endowed with the metric ds 2 = dq 2 − 2dtdS − ω 2 q 2 dt 2 , see Fig.1 . The space-alone rescaling lifts to 3d Bargmann space as
and generates there a chronoprojective symmetry for null geodesics [1, 5, 7, 10] ; the associated conserved quantity is (II.15).
We wish to point out that the scaling of the added 3rd coordinate is dictated by the scaling of the free (kinetic) term in (II.7). It is also precisely what is needed for a conformal (in fact chronoprojective) lift to 3d Bargmann space, which leaves null geodesics invariant [10] .
III. HAMILTONIAN FRAMEWORK
In the Lagrangian framework, the Noether theorem applies to point transformations only. However it can also be reformulated in the Hamiltonian framework, leading to con- served charges generated by canonical symmetry transformations. The usual relation defining canonical transformations can be generalized in fact to include the scale factor Λ as follows. The action integral becomes, after a Legendre transformation,
Putting Ψ(q, p ) = Φ + q i p i , this can be rewritten as
which yields
The identity transformation is generated by the function Ψ 0 = q i p i and Λ = 1. Therefore the infinitesimal transformation is obtained by putting Λ = 1 + δΛ and
where in we replaced p by p because δG is already infinitesimal. Then our eqns yield
A canonical transformation is a symmetry if the Hamiltonian equations are form-invariant,
Expanding to the first order and using (III.5) one finds,
which is the generalized Noether charge.
For a point transformation we get, for δf = 0,
In the Lagrangian framework time and space transformations can be combined. However time is fixed in the Hamiltonian one, and we have to proceed rather as
i.e., for point transformations, q k and p k are corrected by a time shift. But in the Hamiltonian framework Noether's theorem is more general : δG can have a more complicated form, and generate canonical transformations which can not be derived from point transformations.
We note that for the scaling transformations (II.5) the generator δG in (III.4)-(III.5)
could be expressed in terms of the initial conditions as δG = aq i (0)q i (0)δλ.
IV. DISCUSSION
In this paper we extended the classical Noether theorem to more general symmetry transformations which include also rescalings. Our results confirm the conserved charge found recently [1] for the Kepler problem. Applied to a free particle we recover Schrödinger dilations [8, 9] . For homogeneous potential (which include free fall and a harmonic oscillator)
we get a new charge, whose conservation allows us we rederive the virial theorem. Further applications (namely to gravitational plane waves) will be presented elsewhere [10] .
When compared with the usual Noether theorem, our new charge (II.4) has has an extra term, in fact the classical action, which can be calculated only after the equations of The Hamiltonian framework allows for further generalizations.
We just mention that Maxwell's electromagnetic Lagrangian under duality transformations would provide a field-theoretical example with helicity as associated conserved quantity.
After our paper was posted to arXiv, we came across [11] which has some vague similarity with our work here.
